The spin in a rotating frame has attracted a lot of attentions recently, as it deeply relates to both fundamental physics such as pseudo-magnetic field and geometric phase, and applications such as gyroscopic sensors. However, previous studies only focused on adiabatic limit, where the rotating frequency is much smaller than the spin frequency. Here we propose to use a levitated nanodiamond with a built-in nitrogen-vacancy (NV) center to study the dynamics and the geometric phase of a rotating electron spin without adiabatic approximation. We find that the transition between the spin levels appears when the rotating frequency is comparable to the spin frequency at zero magnetic field. Then we use Floquet theory to numerically solve the spin energy spectrum, study the spin dynamics and calculate the geometric phase under a finite magnetic field, where the rotating frequency to fulfill the resonant transition condition could be greatly reduced.
The electron and nuclear spins in a rotating frame deeply connect to both fundamental physics and applications. The frequencies of the spins will shift in the rotating frame, which can be explained by an emerged pseudo-magnetic field [1, 2] . The quantum mechanical geometric phase was also predicted to appear in these systems in adiabatic limit, where the frequency of rotating frame is much less than the frequencies of the spins [3] [4] [5] . The pseudo-magnetic field has been detected by both nuclear [6] and electron spins [7, 8] . However, the geometric phase which is proportional to the rotating frequency and can be used as a gyroscopic sensor [9] , has been too small to be measured in a traditional mechanical rotor with a maximum rotation frequency of about 10 kHz [8] .
Here we propose to use a levitated nanodiamond that can be driven to rotate at an ultrahigh speed in vacuum to study the geometric phase of a rotating electron spin. Our proposal is based on recent breakthroughs in levitated optomechanics [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Nanodiamonds with nitrogen-vacancy centers that host electron spins have been levitated in vacuum with optical tweezers [25, 26] , ion traps [27, 28] , and magnetogravitational traps [29] . Recently, rotation frequencies larger than 1 GHz have been experimentally observed with optically levitated nanoparticles driven by circularly-polarized lasers [30, 31] . In this way, for the first time, the frequency of a mechanical rotor approaches the frequency of the electron spin in the NV center. This will generate a large geometric phase. Previous studies based on adiabatic approximation will no longer be valid [3] [4] [5] . A theory of nonadiabatic spin dynamics and geometric phase in a rotating frame is needed.
In this paper, we study the electron spin dynamics and calculate the quantum geometric phase of an NV center in an ultra-fast rotating levitated nanodiamond without adiabatic approximation. We find that transitions between the spin energy levels appear when the angle θ between the axis of the NV center and the axis of the rotor is not zero. This effect is negligible in adiabatic limit, but becomes important in the nonadiabtic regime. By clockwise (counterclockwise) rotating the nano-diamond, the resonant Rabi oscillation between |0 and |+1 (|−1 ) of the NV center could realize, if the rotational frequency approaches the frequency of electron spin in the NV center without external magnetic field. We calculate the quantum geometric phase of the electron spin, which is in consistent with the previous studies in adiabatic limit [3] [4] [5] , and is maximized near the resonant point. The energy spectrum, dynamics, and nonadiabatic geometric phase of the electron spin under the finite magnetic field are numerically solved. We find that the resonant transition could be achieved with much lower rotating frequency with an external magnetic field.
We consider a non-spherical nano-diamond optically trapped in high vacuum. The length of the three axes of the nanodiamond are different. Therefore, its rotational degrees of freedom could be manipulated by the driving laser. We adopt the polarization of the driving laser to be circular. The nano-diamond could be driven to rotate at a constant angular velocity ω [30, 31] . There is a nitrogen-vacancy center, with electron spin S = 1, in the nanodiamond. As shown in Fig. 1(a) , we choose the direction of ω along z-axis, and define spherical coordinates θ and φ(t) = ωt. We denote θ as the angle between the rotational axis and the axis of the NV center. For The frames Ox y z and Ox y z are defined by the rotational transformations R(t) = Rz(φ(t))Ry(θ) and W (t) = R(t)Rz(−φ(t)), respectively. The rotating spin states are defined to be static in the frame Ox y z .
simplicity, we consider first the dynamics of the electron spin without external magnetic field. The Hamiltonian of the rotating NV center can be obtained by conducting a rotational transformation
Here the rotation of spin-1 by the angle α along direction n is given by R n (α) = e −iαn·S . The Hamiltonian H(t) is written in the S = 1 basis in the inertial (lab) frame. Alternatively, we can rewrite the Hamiltonian in the basis which rotate with the solid spin and study the dynamics of a rotating spin. The unitary transformation from the static basis to the rotating basis is given by W (t) = R(t)R z (−φ(t)), which differs from R(t) by an additional R z (−φ(t)) rotation. The rotational transformation corresponding to R(t) and W (t) are shown in Fig. 1(b) , which are denoted by Ox y z and Ox y z , respectively. The additional term R z (−φ(t)), which cancels the rotation of the local orthogonal coordinates, moves the geometric phase into the dynamical phase [32, 33] . To see that, we write down the Hamiltonian after the unitary transform
where S ± = S x ± iS y . The constant phase φ 0 in Eq.
(1) arises as Ox y z and Ox y z in Fig. 1(b) have a relative rotation R z (−φ 0 ).
In the interaction picture given by the unitary transformation U = e iωSzt , the time-independent Hamiltonian readsH
where we denote Ω = √ 2ωe iφ0 sin θ as the Rabi frequency. In the rest of this paper, the phase φ 0 of the Rabi frequency is eliminated by redefining the S z states.
Let us solve the Hamiltonian (2) in two limit at first, the adiabatic limit ω D and the near resonant limit |D ± ω cos θ| Ω. In adiabatic limit, the effect of transitions between spin states is negligible. We can neglect the off-diagonal terms in Hamiltonian (1) and get the effective HamiltonianH e = DS 2 z + ω(1 − cos θ)S z , where the last term ω(1 − cos θ)S z is called the rotating induced level shift (RILS) term. It is consistent with the previous studies on the adiabatic geometric phase [3] [4] [5] . When |D ± ω cos θ| < Ω, the off-diagonal terms in the Hamiltonian (2) could induce transitions between |0 and | ± 1 . The resonant condition requires the angular frequency ω ± = ±D/ cos θ. At resonance, and in the limit sin θ 1, we can ignore off-resonant terms and get perfect Rabi oscillation in a two-dimensional subspace with the Rabi frequency Ω [33]. For rotating frequency ω = ω + , the resonant transition between |0 and | + 1 happens, while for ω = ω − the resonant transition between |0 and | − 1 appears. This driving selectivity comes from the conservation of angular momentum.
For an arbitrary angle θ, we need to diagonalize the whole 3 × 3 matrix of the Hamiltonian (2). The quasienergies are given by the solution of the cubic equation
which are λ 0 and λ ±1 . We denote the Floquet states with quasi-energies λ n by |λ n , with n = 0, ±1. Here, |λ n smoothly connects to |n at the adiabatic limit ω D. The quasi-energy spectrum as a function of ω and θ is shown in Fig. 2(a) . The quasi-energy spectrum λ has a level crossing around ω = ±D if θ = 0. As long as θ = 0, the quasi-energy spectrum has an avoided level crossing near the resonant point ω ± , as shown in Fig.  2(b) . The quasi-energy splitting at the resonant point gives the Rabi frequency Ω. In Fie. 2(a), there is also an avoided level crossing between | + 1 and | − 1 near θ = π/2, which corresponds to a second order effective Rabi oscillation between these two states with Rabi frequency
. We plot the dynamics of the electron spin in a NV center in rotating frame in Ref. [33] .
If the NV center is rotating in the presence of an nonzero external magnetic field, the total Hamiltonian reads
, where n = (sin θ, cos θ, 0) is the unitary vector along the magnetic field direction in the rotating frame, and ∆ = −gµ B B. Similar to Eq. (1), we apply the unitary trans-
The presence of the magnetic field change the eigenstates of the spin, which are no longer the eigenstates 
The quasi-energies λ as a function of rotating frequency ω and θ. When near crossover ω = ±D/ cos θ, the eigenstates of Sz will be significantly mixed, which means that there will be Rabi oscillation. The legends means that the quasi-state starts with the respective eigenstates of Sz. of operator S z . When the spin is rotating, the timeindependent eigenstates will be further changed. Therefore, it is quite difficult to analytically solve the problem. However, in the limit of θ 1, the misalignment of the magnetic field to the spin is negligible and the eigenstates are nearly not changed. Therefore, for simplicity, we consider 0 < ∆ < D and take the small angle limits θ 1 − ∆/D, and only consider the nearly resonant situation. The effective Hamiltonian (to the order of θ 2 ) readsH
The resonant condition is given byD ∓∆ = ±ω. Therefore, the magnetic field compensate to ω and allows us to observe Rabi oscillation at a lower angular frequency.
When the angle θ is not approaching zero, the above perturbative analysis becomes invalid, and we adopt the Floquet formalism [34, 35] to numerically solve the evolution of Eq. (4) [33]. Since the quasi-energies are determined uniquely only up to a multiple of ω [33], the branches start at the same quasi-energy with slopes +n ω and represent the same Floquet states with quasienergy +n ω. For example, an avoided level crossing between |λ 0 start with slope 0 and |λ +1 start with slope − ω means there is strong transition from |0 to | + 1 by absorbing one photon. In order to compare with quasi-energies under the zero magnetic field, as shown in Fig. 2(a) , we choose the three quasi-energy branches that smoothly connected to the ω = 0 eigenvalues with slopes equal to ω, 0, and −ω for |λ −1 , |λ 0 , and |λ +1 , respectively.
We numerically solve the quasi-energies with external magnetic. As shown in Fig. 2(c) , there is an avoided level crossing between |λ 0 and |λ +1 for θ = 0. The resonant angular frequency ω increases if the angle between the spin and the rotating axis θ increases. The quasi-energy splitting corresponds to the Rabi frequency Ω = √ 2ω sin θ. If there is no magnetic field, for θ = π/100 and ω = 0.2 D, the Rabi oscillation between |0 and | + 1 is negligible. By applying a static magnetic field with ∆ = 0.803 D to meet the resonant condition, as shown in Fig.2(d) , there is an almost perfect resonant Rabi oscillation between |0 and | + 1 . In this way, the resonant electron spin dynamics could be realized with rotating frame frequency ω much lower than D.
Based on the Floquet formalism [33], we can derive the non-adiabatic geometric phase for the electron spin of the NV center in a ultra-fast rotating nanodiamond. The non-adiabatic geometric phases for the cyclic states are defined as [36] [37] [38] ,
where W (t) is chosen in order to recover the RILS dynamical phase shift back into the geometric phase. Let us consider the case without external magnetic field first. The Eq. (6) can be rewrote as γ n = T 0 λ n |H I − DS 2 z + ωS z |λ n dt, and plug in the coefficient of Floquet states, we get
where c n,k , k = 0, ±1 are the coefficients of |λ n in the spin basis. Based on the simplified Hamiltonian in the limit ω D and ω ∼ D/ cos θ, we can obtain the geometric phase using Eq. (7). If the rotation is adiabatic ω D, the Floquet states |λ n has almost no mixing between the spin states. The quasienergies λ +1 , λ 0 , λ −1 = D + ω cos θ, 0, D − ω cos θ, with corresponding geometric phases γ +1 , γ 0 , γ −1 = 2π(1 − cos θ), 0, − 2π(1 − cos θ), which are consistent with the previous studies [3] [4] [5] . In the resonant regime with ω D/ cos θ and θ 1, there is strong mixing between spin states. The corresponding Floquet states are |λ +1 = (|0 + | + 1 ) √ 2, |λ 0 = (|0 − | + 1 ) √ 2, and |λ −1 = | − 1 with quasi-energies λ +1 , λ 0 , λ −1 = Ω/2, −Ω/2, 2D. The non-adiabatic geometric phases are γ +1 , γ 0 , γ −1 = √ 2π sin θ, − √ 2π sin θ, 0. As shown in Fig. 3(a) , a slightly detune from resonance will reduce the geometric phase, which means that for small angles θ the geometric phase will maximize at resonance. For general situations with arbitrary ω and θ, we provide numerical result in Fig. 3(b) . The analysis for limit cases indicates that there is crossing between the two limits. Also, the peak behavior at resonance ω = D/ cos θ is demonstrated. When θ increases, the geometric phases become larger, but the peak is not so apparent due to the break down of two-level approximation at the large angle. From Fig. 3(b) , the crossing at θ = π/2 corresponds to the second order Rabi oscillation between | ± 1 , and the crossing at θ ∼ π and ω D corresponds to the Rabi oscillation similar to the small angle [33] .
From Eq. (7) we can also reveal the relation between quasi-energy λ n and geometric phase γ n for small θ. In adiabatic limit, the geometric phase is identical to the phase of RILS term accumulating in a single period. At resonance regime, the geometric phases for the two resonant states are given by their Rabi frequency accumulate in a single period. In these two situations, the measurement of the geometric phase and the quasi-energy are equivalent.
The adiabatic geometric can be used for measuring rotating frequency in the adiabatic limit [3] [4] [5] . Our analysis shows that this method still works in the nonadiabatic regime ω ∼ D, where the nonadiabatic geometric phase can be measured with spectroscopic or interference [39] [40] [41] . Moreover, as the rotating frequency can be determined with high precision by measuring the scattering photon of the nano-diamond [30, 31] , the angle θ could be measured through the Floquet quasi-energy spectrum [42] [43] [44] . In the limit θ 1, the measurement of quasi-energies is equivalent to measure the Rabi frequency Ω. The uncertainty of angular measurement δθ = δΩ/( √ 2ω cos θ) is inversely proportional to rotating frequency ω and minimized around θ = 0.
Under external magnetic field, the non-adiabatic geometric phase given by Eq. (6) is similar to the case without magnetic field [33] . For simplicity, we only analyze the limit case where ω ∼ 0 and near resonance, and for small angle θ where the Hamiltonian is given by Eq. (5). From Eq. (6), when apply to ω ∼ 0 case the geometric phases are 2π(1 − cos θ)S z which are the same as zero field. This is because the magnetic field only shift the energy level therefore only affects the dynamical phases. At resonance, the geometric phases for the two resonant states are proportional to the Rabi frequency, given by ± √ 2π sin θ which are also the same as zero field. We briefly discuss the experimental feasibility. As the silica-based nano-particles have been driven to the GHz rotating frequency regime, we believe that it is also possible to optically drive the nanodiamond to rotate in GHz. The main obstacle is the optical heating of the NV center in diamond, which could be resolved by adopting pure diamond [45] and using nano-refrigerator [46] . The Rabi frequency induced by GHz rotating nanodiamond is much larger than MHz. The dephasing time of the NV center in a nanodiamond is in the order of µs or longer [47] . Therefore, the rotating induced Rabi oscillation or the avoided level crossing could be observed.
In conclusion, we study the electrons spin dynamics and geometric phase in a levitated ultra-fast rotating nanodiamond, without adiabatic approximation. The Rabi oscillation appears if the rotating frequency matches the electron spin levels splitting, even without an external magnetic field. We define and calculate the nonadiabtic geometric phase of the eletron spin in a rotating frame, which could be used for an angular sensor. We think that the similar phenomena may also appear in the nuclear spins in a rotating frame, with much lower rotating frequency.
Z.Q.Y. is supported by National Natural Science Foundation of China NO. 61771278, 61435007, and the Joint Foundation of Ministry of Education of China (6141A02011604). T.L. is supported by NSF under Grant No. PHY-1555035. We thank the helpful discussions with Nan Zhao and Ying Li.
According to Floquet theorem, the solutions to the Schördinger equation with T = 2π/ω-periodic Hamiltonian
can be written as superposition of the Floquet states
for any 0 ≤ t < T . The Floquet states are given by
with real quasienergies λ α and T -periodic part |λ α (t) . By substituting a Floquet solution |Ψ α (t) into the Schrödinger equation, we find that the quasienergies and periodic part states follow the equation
where H F (t) is the Floquet Hamiltonian
It can be shown that λ α are uniquely determined only up to a multiple of ω, i.e., λ α + n ω is also a quasienergy, corresponding to the periodic state e −inωt |λ α (t) . The quasi-energies are obtained by diagonalizing the Floquet matrix, which is the Floquet Hamiltonian H F (t) in the basis of Hilbert space − ⊗ H. Here the − = {e inωt |n = 0, ±1, ±2, ...} is the Hilbert space of square integrable T -periodic functions, and the H is the original Hilbert space, i.e. the spin states in our model. The Floquet matrix is infinite dimensional, and we should truncate at some finite dimension, which is the case for our Hamiltonian with an external magnetic field Eq. (5) of the main text. If the Floquet matrix is block-diagonal, we can diagonalize each block matrix and get analytic solution, which is the case for our Hamiltonian Eq. (2) of the main text.
In the absence of an external magnetic field, the periodic Floquet states at t = 0 and quasienergies are given by the eigenvectors of the time-independent Hamiltonian in the interaction picture Eq. (2) of the main text and corresponding eigenvalues, denoted by |λ n and λ n , n = 0, ±1. According to Eq. (S3), the Floquet states are given by the time evolution of |λ n multiplied by the phase factor of quasienergies, which reads e −iλ(t) |λ n (t) = e −iλ(t) U (t)|λ n = e −iλ(t) e −iλnt e iωSzt |λ n .
(S6) Substituting into Eq. (S2), we get the solution of the Floquet Hamiltonian Eq. (1) of the main text.
SPIN DYNAMICS AND EFFECTIVE RABI OSCILLATION
Here we present the numerical result for the solutions to the Schrdinger with Hamiltonian Eq. (1) of the main text, using the method discussed in the previous section. The spin is assumed to be initially prepared to the state |0 . The time evolution of the levels population is plotted
In the limit θ is much less than 1, the electron spin dynamics can be described perfectly with effective Hamiltonian
In Fig. S1(a) , we take θ = π/100, at the resonant frequency ω + = D/ cos θ. The numerical results show that the |0 and | + 1 undergoes almost perfect Rabi oscillation, while the population in |−1 nearly does not change.
The numerical results are consistent with the prediction of the effective Hamiltonian H eff . In Fig. S1(b) , we plot a case for a large θ, e.g. θ = π/4, at the resonant frequency. It is found that the oscillation is slightly deviate from sinusoidal and the dynamics is not limited to the |0 and | + 1 subspace. 
